This article studies the blow-up phenomenon for a degenerate and singular parabolic problem. Conditions for the local and global existence of solutions for the problem are given. In the case that blow-up occurs, the blow-up set for the problem is investigated. Finally, the asymptotic behaviour of the solution when time converges to the blow-up time is studied.
Introduction
In this paper, we consider the blow-up phenomenon of the following degenerate and singular parabolic equation with a nonlocal source: We note that the idea for constructing the function g satisfying the assumptions (H1)-(H5) is in the appendix of [14] . Since β ∈ [0, 1), coefficients of terms u x , u xx may tend to 0 or ∞ as x converges to 0 + . We thus can regard (1) as degenerate and singular. Let us introduce the definition of blow-up in a finite time.
Definition 1.1
The solution u of (1) is said to show blow-up at the point x b in a finite time T b (> 0) if there exists a sequence {(x n , t n )} in (0, a) × (0, ∞) such that (x n , t n ) → (x b , T b ) as n → ∞ and lim n→∞ u(x n , t n ) = ∞. The point x b and the time T b are called a blow-up point and blow-up time, respectively. Furthermore, we call the set of all blow-up points to be the blow-up set, which is denoted by S. If S = [0, a], we say that the solution u of (1) shows global blow-up.
The first paper concerning the blow-up problem for the reaction-diffusion equation was written by Fujita [9] . He studied the Cauchy problem: u t -u = u 1+α , α > 0 and shown that if 0 < Nα < 2 (N is the space dimension), then the initial value problem had no non-trivial global solutions while if Nα > 2, there were non-trivial global solutions. In this second case, it was essential that the initial values were sufficiently small. After the publication of Fujita's paper, the blow-up phenomenon for the reaction-diffusion equations has been the object of intensive research. Degenerate parabolic equations with/without nonlocal source have been studied by under various types of initial and boundary conditions since the early 1970s by many researchers ( [1, 3, 5, [10] [11] [12] and [15] ). In 1997, Aderson and Deng [2] studied the following problem:
They showed that the solution of (2) blows up in a finite time for a sufficiently large data u 0 if p > max{1, max{m, n}}. They, however, did not consider the blow-up profile of the blow-up solution.
In 2001, Deng et al. [6] considered the following problem:
with l > 0, a > 0 and q > m > 1. They established that, under certain conditions, the solution of (3) either exists globally or blows up completely in a finite time. Moreover, they obtained
In 2003, Liu et al. [14] studied the following problem:
and, under some assumptions, they proved the local existence and uniqueness of a classical solution of (4) and obtained some sufficient conditions for blow-up in a finite time of a solution of (4). Furthermore, they showed that the blow-up set of the solution is the whole domain.
In 2003, Li et al. [13] considered the following problem:
where Ω ⊂ R N is a bounded domain with sufficiently smooth boundary ∂Ω. They showed that the solution of (5) either exists globally or blows up in a finite time. Moreover, if p + q > m, then they showed
This paper is organized as follows. In the next section, we establish local existence and uniqueness of the solution of (1). We give some criteria for the solution of (1) to exist globally or blow up in a finite time in Sect. 3. The blow-up set and blow-up profile of the solution are presented in Sect. 4.
Local existence
Since (1) is degenerate and singular, the standard theory of parabolic type cannot be applied directly to obtain the existence and uniqueness of its classical solution. To investigate the local existence of the solution of (1), we need some transformation.
where 0 < r = m-1 m
and k satisfies the following:
In the part of showing the local existence of problem (6), we need the following lemma.
Lemma 2.1 Let b i is bounded and continuous and b
Proof Suppose that there exists a point
where c is a positive constant and c > B 2 + B 3 B 4 . Then we have, for any (ξ , τ )
It follows from w(ξ 0 , τ 0 ) < 0 and w = e cτ v that v(ξ 0 , τ 0 ) < 0. Since v is non-negative on the parabolic boundary and
By the second mean value theorem for integrals, we find that there exists a ξ 2 ∈ (0, 1) such that
Hence, the proof of Lemma 2.1 is completed.
Since (6) is also degenerate, we will prove the local existence of the solution of (6) by considering the following problem:
where δ is a positive constant and δ < 1. We note that the function v 1 = v 1 (x, t; δ) depends on x, t and δ. Let ε be a positive constant and ε < δ. To show the existence of the classical solution of (7), we have to use the function given by Dunford and Schwartz [7] . There exists a non-decreasing and continuously differentiable function ρ such that ρ = 0 if ξ ≤ 0 and
By the non-decreasing property of ρ, we have
We see that (7) is degenerate and singular. By the regularization technique again, we consider the problem:
Now, the function v 2 = v 2 (ξ , τ ; δ, ε) depends on ξ , τ , δ and ε. It is clear that, since the zero function is a lower solution of (8), that is, v 2 ≥ 0. The next lemma show that the solution v 2 of (8) is non-decreasing in τ .
Lemma 2.2 Let ε and δ be any positive real number with
Thus, the function z satisfies the following:
The boundedness and monotonicity properties of v 2 are shown in Lemma 2.3 and Lemma 2.4, respectively. 
Proof Let us consider the following ordinary differential equation:
Then there exists a positive constant τ 1 such that (9) has a unique positive solution f on [0, τ 1 ]. We next show that, for all ε, δ > 0 with ε
We then consider that, for any (ξ , τ ) ∈ (ε, 1)
where
and on the parabolic boundary:
By modifying the proof of Theorem A.1. in [6] , we see that there exists a unique classical positive solution v 2 of (8) and 0 ≤ v 2 ≤ f for all ε and δ. The proof of this lemma is completed.
Lemma 2.4
Let 0 < ε 1 < ε 2 < δ < 1 and assume that v 2 (ξ , τ ; δ, ε 1 ) and v 2 (ξ , τ ; δ, ε 2 ) are solutions of (8) .
We have, for any (ξ , τ ) ∈ (ε 2 , 1)
where η 3 and η 4 are some intermediate values between v 2 (ξ , τ ; δ, ε 1 ) and v 2 (ξ , τ ; δ, ε 2 ). Then it follows from ∂ ∂ε k(ξ ; ε) ≤ 0 that the function z satisfies 
for all δ > 0. By modifying the proofs of Theorem 2.3 in [8] and Lemma 10 and Theorem 12 in [4] , we obtain the existence result.
Theorem 2.5 Assume that (H1 )-(H3 )
hold. The function v 1 (ξ , τ ; δ) given by (10) is a unique classical solution of (7) for any
In the next step, we show the existence of solutions of (6) . By using the same technique as in Lemma 2.2 and Lemma 2.3, we can show that the solution v 1 of (7) satisfies
where the function f is given in Lemma 2.3. We give an additional property of v 1 which is the monotonicity property with respect to δ. Lemma 2.6 Let 0 < δ 1 < δ 2 < 1 and suppose that v 1 (ξ , τ ; δ 1 ) and v 1 (ξ , τ ; δ 2 ) are solutions of (7) . Then v 1 
By (7), we obtain, for any (ξ , τ ) ∈ (0, 1) 
By Lemma 2.6 and
and for all δ, we define the function v by
Based on Lemma 2.7 in [6] , and Lemma 10 and Theorem 12 in [4] , we get the following theorem. 
Blow-up in a finite time
The sufficient condition for the occurrence of blow-up in a finite time of (1) is given in this section. Let us consider the following problem:
From [4] , the eigenvalue problem (12) is solvable. Denote the first eigenvalue of (12) by λ 1 > 0 and the corresponding eigenfunction by ϕ 1 , with the normalization ϕ 1 > 0 in (0, 1) and max ξ ∈[0,1] ϕ 1 (ξ ) = 1. The next theorem deals with the condition that guarantee for the occurrence of blow-up in a finite time depending on the value of the constant a.
Theorem 3.1 Suppose that the function k satisfies (H1 )-(H3 ). If the constant a satisfies
then the solution v of (6) blows up in a finite time.
From v τ ≥ 0 and a
By the assumption that λ 1 < a
where η 9 is a positive constant. Thus,
We then obtain
that is,
Integrating (13) over (0, τ ), we get
We can see that H 
Therefore, H blows up in a finite time. This implies that v blows up in a finite time. Then the proof of this theorem is completed.
By the transformation technique and Theorem 3.1, we obtain the following.
Corollary 3.2 Suppose that g satisfies (H1)-(H3).
Then the solution u of (1) blows up in a finite time if the constant a is sufficiently large.
In the following, we show that under some conditions, the solution v of (6) can exist globally. To obtain the desired results, we need the following comparison theorem.
Lemma 3.3 Let v be the solution of (6) and suppose that a non-negative function w
Proof We first consider in the case "≥". Let 
. By using the above technique, we can get the result in the case "≤". The proof of this lemma is completed.
Let us consider the following boundary value problem:
-ξ β ψ (ξ ) = 1, ξ ∈ (0, 1) and
The solution ψ is given by ψ(ξ ) = Equations (17) and (18) imply
which means that the solution u of (1) blows up at the point x. Since x is arbitrary in (0, a), we can conclude that the solution u of (1) blows up everywhere in (0, a). For x ∈ {0, a}, we can always find a sequence {(x n , t n )} in (0, a) × (0, T b ) such that (x n , t n ) → { x, T b } and lim n→∞ u(x n , t n ) = ∞. Hence, the blow-up set is [0, a]. The proof of Theorem 4.3 is completed.
Finally, we consider the uniform blow-up profile of the solution u of (1). 
Theorem 4.4 Assume that g satisfies (H1)-(H5).

Then u(x, t) ∼ [a(p -1)(T b -t)]
